Maple 2018.2 Integration Test Results
on the problems in "5 Inverse trig functions/5.6 Inverse cosecant"

Test results for the 48 problems in "5.6.1 u (at+b arccsc(c x)) " n.txt"

Problem 4: Result more than twice size of optimal antiderivative.

Ja+barccsc(cx) &
S
Optimal (type 3, 46 leaves, 4 steps):
be [1-——
bczarccsc(cx) i -a —barcesc(cx) A3
4 22 4x

Result (type 3, 117 leaves):

ch gﬁ—laMM(—————]
JEZ -1 ch

b
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22 22 4/mx Nezsy 40/52;7_1)‘3
2 22 22

Problem 5: Result more than twice size of optimal antiderivative.

a  barcesc(cx)

Jx3 (a + barcesc(cx) )2 dx

Optimal (type 3, 93 leaves, 5 steps):

1 1
bx(a+b [1-——= b (a+b [1- ——
b x? + x* (a + barcese(cx) )? + b?In(x) + x (e arcosc{cx) ) A2 + (2 arcese(cx)) A2

124 4 3¢t 33 6¢c
Result (type 3, 207 leaves):

[Z2 -1 AP -1 1
b?arcesc(cx) | ———— X° b2 arcesc(cx) x | ——— 2 ( — )
** a? i bzarccsc(cx)zx4 i A i b2 22 I A _ b7In cx abx4arccsc(cx)

4 4 6¢c 122 3 3¢t 2
abx 4 abx

-1 s ]2@-1 s [P0

Problem 6: Result more than twice size of optimal antiderivative.

sz (a + barcese(cx) )2 dx



Optimal (type 4, 159 leaves, 8 steps):

I / T ) I 1
2b (a+barcesc(cx) ) arctanh| — + [ 1 — —— ] 1b polylog[Z,—— el R e J
b* x n x> (a + barcese(cx) )2 n cx 2 ) cx 22
3¢ 3 3¢ 3¢

N Ibzpolylog[Z, % + /11— czl_xz J N bx? (a +barcesc(cx)) [ 1 — czl_xz

33 3¢
Result (type 4, 326 leaves):

[ZZ-1 I I I I
b | arccsc(cx) X b? arcese(cx) Inf 1 + — + [ 1 — Ibzpolylog 2,-— — [ 1—
©a? n * b2 arcese(cx)? n A2 " ﬁ " cx A _ cx A
3 3 3¢ 32 37 37
I 1 I 1
b? arcese( ¢ x) ln[l - = /1= — Ibzpolylog[Z, — + /1 - — ]

cx AP 4 cx A n 2x° a b arcese(cx) n abx? _

3¢ 3¢ 3 221 221

3¢ | —— 38 | ———

i aby?xr—1 ln(cx—l- czxz—l)
3 ﬁx
J 22

Problem 7: Result more than twice size of optimal antiderivative.
Jx (a + barcesc(cx) )2 dx

Optimal (type 3, 51 leaves, 4 steps):

bx a _| barc: / 1
X a + b a 2 2 sc(cx 1 I
( I‘CCSC(C)C) ) b hl()() ( ( ) ) 2 2

2 A c

Result (type 3, 132 leaves):

2.0 20 5 b?arcese(cx) x | % bzln[Lj
a b* x“ arccsc(cx) n _ cx +abx2arccsc(cx) 4 abx _ ab

2 2 ‘ 2 /W C;,/czxzi_lx
27 22

Problem 9: Result more than twice size of optimal antiderivative.




J (a + b arcese( cx))2 &

L

Optimal (type 4, 127 leaves, 6 steps):

I (a + barcesc(cx) )3

1 1 2

+1b (a + barcesc(cx)) polylog[2,

— (a + barcese(cx) )zln[l -

3b
T 2
bzpobdog[3, 1— —— ] ]
27
2
Result (type 4, 360 leaves):
2 3
azln(cx) + 157 arcese(ex)” —bzarccsc(cx)2 1+ — —I— +21b2arccsc(cx) polylog| 2, L 1 - . —2b2polylog 3, L
3 cx A2 cx
- 1—L —bzarccsc(cx)zln 1—L— l—L +21b2arccsc(cx) olylog| 2 L+ 1—L — 2 b polylog| 3 L
2.2 ox 2.2 polylog| =, "~ 2.2 polylog| 3,

1 1 I 1
+ /11— == +Iabarccsc(cx) — 2 abarccsc(cx) [1——— 1 — —— }—2abarccsc(cx)ln(l+—+ 1 — —— ]
22 ] czxz ex 22
+21abpolylog| 2 T + 1—L +21abpolylog| 2 —L
' ex 22 ’ czxz
Problem 10: Result more than twice size of optimal antiderivative.
J(a —l—barccsc(cx))2 &
X
Optimal (type 3, 116 leaves, 5 steps):
1
bc(a+barcesc(cx)) [ 1 — ——
b? 3b% P 3abc4arccsc(cx) i 3bzc4arccsc(cx)2 _ (a +barccsc(cx))2 _ A2
3244 324 16 32 4x* 8x°

3b (a +barcese(cx)) /1 S

22

16 x
Result (type 3, 264 leaves):
2

| 22 -1 -1
332 arcesc(cx) | ———— ch? arcesc(cx) | ————
a bzarccsc(c ) 3p2 arcesc(c )2 A . AP n b? n 3B A _ abarcesc(cx)

- + —
45 45 32 16 x 8x° 32 32 52 2%




33abyAx*—1 arctan| ———
JAZE =1 B 3cab cab

ab
A —1 A -1 AP -1 A -1
ERI o) Taz 7 ) Tar . Se a2 ¥

Problem 11: Result more than twice size of optimal antiderivative.

J (a + barccse(cx) )3
x2

_|_

dx

Optimal (type 3, 76 leaves, 5 steps):

6b2(a-kbamcmicx)) (a-kbamcmicx))3 3 1 2 1
- +6b°c | 1 — ——= —3bc(a+barcesc(cx)) 1 — ——
x x 22 27

Result (type 3, 198 leaves):

3 3 _ _ 2
P S [_ arcesc(cx)” 3arccsc(cx)2 AP -1 16 AP -1 i 6 arcesc(cx) J 1342 [ _ arcesc(cx) 2
X

¢ ex 272 27 cx

— 2 arcesc(cx) % ] +3ad%b | - arccsccicx) _ A -1
/ /szzi_l iy
252

J(dx)m(a-kbamcw(cx))dx

[5-2Hh -5}

cx cxX

Problem 14: Unable to integrate problem.

Optimal (type 5, 62 leaves, 3 steps):

b (dx)™h
(dx)' ™ (a + barcese(cx)) (dx) ypergeom([

d(1+m)

+

Result (type 8, 16 leaves):
J(dx)m(a-kbamcmch))dx

Problem 15: Result more than twice size of optimal antiderivative.
J(ex+d)2 (a + barcese(cx) ) dx

Optimal (type 3, 109 leaves, 10 steps):



b(62d +& h /1——i—] bdex | 1— — b&f /e
_bd3arccsc(cx) " (ex+d)3(a+barccsc(cx)) n ( " )arctan[ o A2 AP

Je 3e Py
Result (type 3, 360 leaves):
P -1 d arctan( ;]
3 R =
adx +aed+axd + ad + b arcese(cx) + bearcese(cx) x¥* d + barcese(cx) xd* + bd” arcese(cx) m
3 3e 3 3 271
3ce X
22
bexd bed

mﬁ%???fmcw+ czxz_l)_F b2
62/62,97_1 N /szzi_l czxz_l AR
22 22 22
b 22 T inlex+/22-1)

gt | X1
A

X

Problem 17: Result more than twice size of optimal antiderivative.
J a + barcesc(cx)

(ex+d)?

Optimal (type 3, 98 leaves, 7 steps):
8d+3

b arctanh
eNEP - [ 1-——
b arcesc(cx) 4 Ja- b arcesc(cx) n c2x2
de e(ex+d) W

Result (type 3, 213 leaves):

-1 - —Fdx—e
e

by *x* —1 arctan éJ
~ ca _ charcesc(cx) I [\/czxz—l _ byels—11n cex-l—cd
(cex+cd)e (cex+cd)e 221 szz_l c2d2
xd ce

ce szz

Result more than twice size of optimal antiderivative.

Problem 18:
J(ex+d)3 72 (a + barcese(ex) ) dv



Optimal (type 4, 335 leaves, 22 steps):

N cx+ \/— } s 7

2 (ex+d)®? (a+barcesc(cx)) _ 4be (- +1) Jex+d ngdElhme[ VT [ iy JYerFdi A
Se 1 (ex+d)
156 x ~ 52 1562/1_52):2/ e

(Zczdz—l-ez)ElhptlcF( Noextl V2 C"+ Ly2 J_/ i J/C(”er) JZZ+1

cd+e

15c*x \/m
4bd3E111pt1cP1( Joext+1V2 Cx“ V2 zJ—/ — ]/C(”de) e

cd+e

S5cex l—— Jex+d
22

Result (type 4, 809 leaves):

1 5 (ex—l-;l)S/za +b (ex+d)522arccsc(cx) n 1 5 / dc (ex+d)5/
¢ ex+d)?F =2 (ex+d)Fd+FdP - & ca—e

s [ [lex+d)? P2 (ex+d)
‘ cd—ex/ 22

2C2+9d2/_c(ex+d)—cd+e /_c(ex+d)—cd—e EllipticF(\/m/ dc ,/cd—e ]62
cd—e

cd—e cd+e cd+e

cd—e cd+e cd+e

_7/_c(ex+d)—cd+e /_c(ex+d)—cd—e EllipticE[\/m\/ dc ’/cd—e )czdz
cd—e

c
_3d2/_c(ex+d)—cd+e /_c(ex—i—d)—cd—e EllipticPi| Vex ¥ dc ’cd;e, cd+e 2> dc (ex+d)3/262d
J cd—e c

cd—e cd+e c cd—e
J cd—e

+7/_c(ex+d)—cd+e /_c(ex—i—d)—cd—e ElllptlcF[\/m/ - ’/cd—e )cde
cd—e

cd—e cd+e cd+e




_7/_c(ex+d) —cd+e c(extd) —cd—e Ell1pt1cE(\/m ’ cd—e )cde-l— fox 7 d A&
cd—e cd+e cd—e cd+e —e
" _c(ex+d) —cd+e _c(ex+d) —cd—e EllipticF \/m , cd—e ]ez— fox 7 d &
cd—e cd+e cd—e cd+e cd—

Problem 23: Result more than twice size of optimal antiderivative.

Jx2 (a + barcesc(cx)) dr
(ex+d)3 /2

Optimal (type 4, 401 leaves, 25 steps):

_2d’ (a+barcesc(ex)) | 4d(a+barcese(cx)) 4bd (-2 +1) L 2(a+barcesc(ex)) Jex+d

32 g
38 (ex+d) SJex +d 3ce(Pd — ) x 1_£21—x2\/m ‘

4de111ptlcE(‘ cx—i—l\/_ N2 — d+ ) Jex+d -2 +1
c

2 _ (ex+d)
32 (Ed — &) x /1 5 / Lol

4bE111pt1cF( e cx+ V2 \/_/ — )/M \/m

cd+e

Féx 1——¢m
32de111ptlcP1[ NCET NS C"“ V2 zJ_/ i )/M S22+

cd+e

3cex l—ﬁ Jex+d

Result (type 4, 1039 leaves):

2
+b | arcesc(cx) Jex +d — arcesc(cx) d” | 2arcese(cx) d

d> 2d
21lalVex+d — +
(ex+d>3/2 Jox¥d

3(ex+a’)3/2 [ex+d

|




412 4/_c(ex+d)—cd+e /_c(ex+d)—cd—e EllipticF[\/m/ c ’/cd—e ]mczdz_/_c(ex+d)—cd+e

cd—e cd+e cd—e cd+e cd—e

[ cd—e Jmczdz_g\/_c(ex+d)—cd+e /_c(ex+d)—cd—e EllipticPi| ex ¥ [ ¢ , cd—e’
cd+e cd—e cd+e cd—e cd
c
J cd+e Jex ¥ T A — dc (ex+d)2czd+/_c(ex+d)—cd+e /_c(ex-i—d)—cd—e EllipticF[\/m dc ’
J cd—e J cd—e

- cd—e cd+e
cd—e

[ed—e ]mcde—/-c(”J“d) —cdte /-c(””) —cd—e EllipticE[\/ex—i-d/ ¢ ,/Cd_e ]vexﬂfcde
cd+e cd—e cd+e cd—e cd+e

4o/ dc (ex+d)czd2_3/_c(ex+d)—cd+e /_c(ex—l—d)—cd—e EllipticF( '—ex—i—d/ dc ’/cd—e ] )
cd —e cd —e

cd—e cd+e cd+e

f ¢
+8/_c(ex+d)—cd+e /_c(ex+d)—cd—e EllipticPi \/m/ dc ’cd;e, cd+e Ny / dc 2P
cd—e c = cd—e

cd—e cd+e
cd—e
c [ ¢ (ex+d)?P =2 (ex+d)Pd+Pd - &
+ d—o dé (3c(cd e) d—o \/ex+d(cd+e)x/ 202

Problem 28: Result is not expressed in closed-form.
Ja + b arcesc(cx)
ext +d

Optimal (type 4, 517 leaves, 19 steps):

/-C_(f



el L+ 1--1 |7 te| L+ [1--1 |7
cx X cx X
(a +barccsc(cx) ) In| 1 — (a +barcesc(cx) ) In| 1 +
_ WNerrn . fe-[Five
2T 2/ Ve
te| L+ 1oL |7 1e| - S N Y
ex 22 cx 22
(a +barcesc(cx) ) In| 1 — (a +barcesc(cx) ) In| 1 +
B Je +Fd+e N Je +Fd+e
2J-d Je 2V -d Je
el L+ 1oL |y le| L+ f1--1 |7
cx 22 cx 22
15 polylog| 2, 1 b polylog| 2,
f_ J&d+e n f_—vgd+e
2 -d 2-d Ve
[L L ]\/_d IC[L+/1—L]J7
cx 02x2 cx A
15 polylog| 2, 15 polylog| 2,
Je +/Fd+e 4 Je +JFd+e
2J-d Je 2V -d Je
Result (type 7, 271 leaves):
I 1 I 1
Rl —— — |1 ———= Rl —— — [ 1———=
B cx A |- cx A
Tarcesc(cx) In + dilog
RI RI
aarctan[ ] ch = 3 =
Ved ) RI=RootOf(2d Z+(-22d—4e) 2+2d) Rl (RPFd—cJd—2e)
Ved 2
I 1 I 1
arccesc(cx) In RI ilog RI
RI=RootOf(2d Z2+(-22d—4e) 22+324d) _R]zczd—czd—Qe
2

Problem 29: Result is not expressed in closed-form.

Optimal (type 4, 496 leaves, 19 steps):

Ja + b arccsc(cx)
X (ex2 +d)



- |7 re| -+ f1--1
i cx
(a + barcesc(cx) (a +barcesc(cx) ) In| 1 +
I (a+barcesc(cx))? Je —JPd+e 3 Je —JPd+e
2bd 2d
il L[
cx
(a +barcesc(cx) ) In| 1 — (a + barcesc(cx)
_ _ \/_-I-\/czd—l-e
2d
{ + [1- ]J_ C[L + /11— ]J_d
cx A
15 polylog| 2 15 polylog| 2,
+ V + \/?—\/C2d+e
2d
I 1
ol Ly i |y
cx &
15 polylog| 2, 15 polylog| 2,
X rwm N JT+/FiTe
2d 2d
Result (type 7, 447 leaves):
aln(cx) aln(czex2 +2d) n Ibalrccsc(cx)2
d 2d 2d
I 1 I 1
SR - D e S >
Tarcesc(cx) In + dilog
163 > _RI “RI
N RI=RootOf(2d Z4+(-22d—4e) 2+2d) RIPFd—d—2e
2
1
+2_d 1b

_RI=RootOf(2d 24+ (-22d—4e) 2 +2d)



I 1 I 1
RlI—— = [1—-——= Rl — — — - =
(7R12c2d—202d—4e) [Iarccsc(cx) ln[ i < + dilog i ks
_RI _RI
RI’Fd—72d—2e
I 1 I 1
Rl — — — - — Rl —— — |1 ———=
- cx A . B cx &
Tarcesc(cx) In + dilog
RI RI
Ibe = 3 =
n RI=RootOf(2d ZA+(-2R2d—4¢) 2+24d) RIPFd—JFd—2e
d
Problem 30: Result is not expressed in closed-form.
Ja + b arcesc(cx)
2 (ex? +d)
Optimal (type 4, 558 leaves, 24 steps):
IC[L I ]\/_d
cx A
(a +barccsc(cx)) In| 1 — Je
~a__ barcesc(cx) \/?—\/czd-l-e
dx dx 2(—d)3 /2
I 1 I 1
le| —+ [1-—— |J-d le| —+ [1——— |J-d
cx A2 cx A
(a +barcese(cx) ) In| 1 + Je (a +barccsc(cx) ) In| 1 — Je
n Je —JJPd+e 3 Je +JPd+e
2(_d)3/2 2(_d)3/2
I 1 I 1
le| —+ [1—-—= |J4d —le| —+ [1-—= |J-d
cx X cx X
(a +barcesc(cx) ) In| 1 + Je 15 polylog| 2, Je
N Je +VPd+e 3 Je —JPd+e
2 (-d)3 /2 2 (-d)3 /2
I 1 I 1
el L+ - |7 del L - |y
cx X cx A
15 polylog| 2, Je 15 polylog| 2, Je
N Je —JFd+e 3 Je +JFd+e
2(-d)* /2 2 (-d)3 /2
I 1
le| —+ [1——= |JV-d
cx &
15 polylog| 2 Je be [1— 1
N Je +JFPd+e A3

2

(-d)> /2



Result (type 7, 331 leaves):

aearctan[ ¢ ] ch e — 1
Jed _a A2 _ barcese(cx)
ded dx d dx
| 1 1 1
RI—— — |1 - ——= RI—— — |1 ———
- cx X LT cx s
Tarcesc(cx) In + dilog
R1 RI
che = 5 =
+ RI=RootOf(Pd ZA+(-22d—4e) 2+24d) RI(RIPFd—c*d—2e)
2d
I 1 I 1
RI—— — |1 - ——= Rl —— — [ 1 - —=
B cx A |- cx A
_RI | larcese(cx) In + dilog
che Z _RI _RI
RI’Pd—cAd—2e

RI=RootOf(2d Z4+(-22d—4e) Z2+2d)

2d

Problem 31: Result more than twice size of optimal antiderivative.

Jx (a + barcese(cx) ) dr
(e +d)’

Optimal (type 3, 168 leaves, 8 steps):

bc(3czd+26)xarctan[ \/?— “szz_l
JEd+e

-a —barcesc(cx) bcxarctan(\/czx2 —1 ) I

bcx\/czx2 -1

4e(ex2+d)2 4d2em

1839 leaves):

$d2 (Pd+e) e J22

Result (type 3,

Aby AP —1 xarctan

fa _ c4barccsc(cx)

=)

be(Pe? +32d)  4e(Ped+Pd)]  [ZZ1

22
AEbyFP—1 arctan{ ;]
NErEy

x(czd+e) (-cxe+ —ed & ) (cxe+\/ —ed ? )

4

d(62d+e)(-cxe+ -edcz)<cxe+ -edcz)

A —1

A

8d(Pd+e) (et +d) P



2[ —@ \/czxz—le+\/-edc2cx—e]

3¢bhJAER -1 xIn

e

—cxe++ -ed?

16 szz / c2d+e (62d+e)( -cxe + —edc2>(cxe+ —edcz)

2 —% \/52x2—16+\/—ed02 cx—e]

33hJAER -1

—cxe++ -ed?

16 szz / c2d+e (62d+e)( -cxe+ -edcz)<cxe+ -edcz)

[— 5 Fd+te JE2 =1 e—-edd cx—e]J

332 —1 xIn ¢ .
cxe+\/—ealc2

16 czcxjxgl d/-CZde+e (62d+e)(—cxe+ —edcz>(cxe+ —edcz)

33byER—11

2( —@ \/czxz—le—\/—edczcx—e]}

cxe++ -ed?

16 szz / c2d+e (czd+e)( -cxe+ —edcz)(cxe—i- —edcz)

1

— | & by Ax* —1 arctan
VAP -1

b Ax* —1 xarctan

=)

X1 p -cxe -e cxe -e GE e X e)\-cxe -e cxe -e
4 e d(c2d+e)( + dcz)< + dcz) 4 22 d(c2d+)( + dc2>( - d@)
Chxe n che
8 62:22);1 d(czd+e)(-cxe+\/ —edc2> (cxe+ -edcz) 8 Czcxszl xd(czd—i-e)(—cxe—i-\/ —edcz) (cxe-i-\/ —edcz)
2[ —@ \/C'2X2—1€+\/‘€d62 cx—e]
b2 —1 xn| - g &
-cxe++ -ed

bz/—@ e -cxe -e cxe -e
8 e d ; (52d+)( + dcz)( + d@)



2[ —@ \/czxz—le—i-\/—ea’c2 cx—e]
b2 =1 In| - < e

4 —cxe++ -ed?
8 szz / c2d+e (c2d+e)( -cxe + —edcz)(cxe—l- —edc2>
2{ _52d+e \/czxz—le—\/—edczcx—e)
A% -1 xhn ¢ e
4 cxe 4+ -ed?
8 & dz/-@ (czd+e) (-cxe+ -edcz) (cxe+ -edcz)
22 ¢
2[ —@ \/czxz—le—\/—edczcx—e)
A% -1 ¢ e
4 cxe++/ —ed?
e —1 /—@ e)\ -cxe -e cxe -e
8 o xd . (Fd+e) +Ved? ) (cxe+yedd)

Problem 32: Result is not expressed in closed-form.
J a + b arcesc(cx

) dx
(ex? +d)°

Optimal (type 4, 1002 leaves, 81 steps):

ﬁd—@ czd+@
b earctanh b earctanh
c\/_\/czd-i-e l_ﬁ ) c\/_\/c2d+e l—ﬁ
16d5 2 (Fd+e) 165 2 (Fd+e)
IcﬂL+/1—ﬁ;Jf7- u[ ﬁgjfﬁ'
3 (a +barcese(cx) ) In| 1 — il 3 (a +barcesc(cx) ) Inf 1 +
_ \/?—\/czd+e \/——\/czd+e

+

16 (-d)* 2 e



Ic(i+ I—LJ\/_d

I 1
- 2o Ic[—+ 1——]\/_d

ex 27

3 (a +barcese(cx) ) In| 1 — 3 (a +barcesc(cx) ) Inf 1 +

B Je +JFd+e N Je +VPd+e
16 (-d)5 2 e 16 (-d)5 2 e
I / 1 1 / 1
—IC[E-F 1_ﬁ]\/7 —IC[E-F l_ﬁ]\/__d

3 1b polylog| 2, 31bpolylog| 2,

B Je —JPd+e 3 Je +JFd+e
16 (-d)* 2V 16 (-d)* e
I 1 I 1
- IC[;'F l_ﬁ)m IC[C— _ﬁ]\/__d
polylog| 2, 3 1bpolylog| 2,
i \/?+\/52d+e n \/_—\/czd-l-e n (a +barcese(ex)) e
16 (-d)S 2 e 16 (-d)5 2 e 16 (-d)? /2(_1 +\/—_d\/?)2
X
Czd_@
5 b arctanh
cJ__chd-+e l—-————

S5 (atbarcesc(cx)) (a +barcese(ex) ) e i 5 (a + barcesc(cx) ) i AP

16d2(—% +J7J?j 16 (-d 3/2( +¢7¢—J 16d2(%+\/—_dﬁ) 16d° 22 d +e

2as CTLE

5 b arctanh

X eJdJPd+e l_ﬁ . bee 1—CZI—X2 . bee 1—021—)62
16852 [2d+e 16 (-d)3 2 (Pd +e) (-; +J7J?) 16 (-d)3 2 (Pd +e) (; +J-_dJ?)

Result (type ?, 3165 leaves): Display of huge result suppressed!

Problem 33: Unable to integrate problem.
st (a +barcesc(cx) )y exr +d dx

Optimal (type 3, 343 leaves, 12 steps):

& (e +d)* 7 (a+barcesccx))  2d (e +d)° 7 (a + barcesc(cx) ) L e +d)7 7 (a + barcese(cx) )
3 58 78




8bed’ /zxarctan{ — le] (105838 350 de+632de +7Se3)xarctanh{ JeJda -1 ]
Jd -1 + cexr +d

1058 /22 1680 S & 2 \[ 22
b (292d=25¢)x (e +d) PJEZ 1 L bx(ed +d)’ P PE 1 b (B3P +12edE—153) 2 PR 1 Jer 1 d
840> &\ ¥ 42c AR 1680 & &\ & ¥*

Result (type 8, 23 leaves):
J-xj (a + barcesc(cx) ) ex? +d dx

Problem 34: Unable to integrate problem.
Jx"(a+barccsc(cx)) ex’ +d dx
Optimal (type 3, 246 leaves, 11 steps):
2bed® /zxarctan[— W]
(a + barcesc(cx) ) 4 (ex2 +d)5 /2 (a + barcesc(cx) ) n ﬁ\/czxz -1
3¢ 5¢ 1522
b(15c4d2—IOedcz—9ez)xarctanh[\/?— chxz_lj
cJed +d L bx(ed +d) P [EE L b(2dt9e)x/EP -1 e +d
1204 2 [ 22 20ce 22 1203 e[ 22

Result (type 8, 23 leaves):

Cd(ed+d)

Jx* (a +barcesc(cx) ) yexr +d dx

Problem 35: Unable to integrate problem.
Jx (a +barcese(cx) ) Jex’ +d dx

Optimal (type 3, 159 leaves, 9 steps):

bed /2xarctan[ : ex’ +d ] b(3czd+e)xarctanh[\/?— ‘szz_l

(ex2+d)3/2(a+barccsc(cx)) _ ﬁ\/czxz—l n
3e e 6 T ET 6T

Result (type 8, 21 leaves):

Jx(a + b arcesc(cx) ) Jex +d dx

cexr +d J +'be3x2—l,Jef-+d



Problem 38: Unable to integrate problem.

x4

J (a + barcesc(cx) ) +/ ex* +d e

Optimal (type 4, 286 leaves, 11 steps):
(e +d)* P (atbarcesc(cx))  2be(Pd+20) PR 1 Jertd  beEP -1 JeR td
3dx 9422 9.2/

2bc2(c2d+26)xEllipticE[cx, [ - |- +1 Jer +d
Ad
_|_
%Nnggf_1/1+%§

b(62d+e)(2c2d+3e)xEllipticF(cx, /-é J-E2+1 1+%
) 9aJTZ JEE T [ T d

Result (type 8, 23 leaves):

&

J (a +barcesc(cx) ) v ex* +d dr

Problem 42: Unable to integrate problem.

st (a + barcesc(cx) ) d
3 /2
(e)c2 +d)
Optimal (type 3, 212 leaves, 10 steps):
8bhed® /2xarctan[— vef—i—d] b(9czd—e)xarctanh[‘/?— chxz_l]
JZTJ::;T:T_ cdex24—d

(ex? —l—al)3 /2(a + b arcesc(cx) ) i B B dz(a—i-barccsc(cx))
3¢ 3322 628 222 SJed +d
_ 2d(a+barcese(cx)) Ve +d | bx /PP —1 /el +d
¢ 6ce2J:§;T

Result (type 8, 23 leaves):

J); (a +barcesc(cx)) dx
(e +a)*

Problem 43: Unable to integrate problem.



J)f’ (a + barcesc(cx) )
(ex? +d)* "2
Optimal (type 3, 132 leaves, 9 steps):

bxmtmnh[iEiLéﬁi:J— 2bcxammn{——L££ii£L—-] d
cexr +d 3 Jd AP —1 L dla+barcese(ex)) (a + barcesc(cx) )y ext +d
EY Np->3 2JZZ 2ol d é

Result (type 8, 23 leaves):

Jx3 (a + barcesc(cx) ) dr
(ex +d)>

Problem 45: Unable to integrate problem.

Ja + b arcesc(cx)
2 (el +a)* "

Optimal (type 4, 249 leaves, 10 steps):

-a —barcesc(cx)  2ex (a + barcesc(cx) ) _ch@f——le?+d +bJXEmmmEme/_;Z;JJ_gfL+1Jag+d
dxJed +d Eed +d AN AIEE T 142
d

b(c2d+2e)xEllipticF[cx, /-ﬁ ]\/—02x2+1 1+%
) PNl el

Result (type 8, 23 leaves):

Ja + b arccsc(cx)
2 (e +d)°

Problem 46: Unable to integrate problem.

st (a + barcesc(cx) )
(ex? +d)° "

Optimal (type 3, 205 leaves, 10 steps):

bxarctanh[ \/?— ‘szz_l 8bcx arctan[ _— ‘exz—i_d J d

_ d* (a + barcese(cx) ) cexr +d 3 Jd AP -1 4 24 (a+barcese(ex) )
36 (ex+d)* RN 3 JEZ el rd




N bedxy A3 —1 N (a + barcesc(ex) ) Jexr +d
32 (Fd+e)JE2 Jed +d ¢

Result (type 8, 23 leaves):

st (a + barcesc(cx) )
(ex? +a)°

Problem 47: Unable to integrate problem.
J(fx)m (ex? +d)> (a + barcese(ex) ) dx

Optimal (type 5, 563 leaves, 6 steps):
& (fx)! T (a + barcesc(cx)) N 3d%e (fx)3 ™ (a + barcese(cx)) N 3dé (fx)> ™ (a + barcese(cx))

N &S (fx)7 ™ (a + barcesc(cx))

(7 +m)

f(1+m) £ (3 +m) £ (5+m)
N 1 (b(06d3(2+m) (4+m) (6+m)
S +m) (24m) (4+m) (6 +m) JE2 JE2 -1 L+m
Lell+m) (S (m>+8m+15) +32de (3+m)2 (M + 13m+42) +34 (m* +22m> + 179 m* + 638 m + 840) )

(3+m) (5+m) (7+m)

53] )

x (fx) H‘mhypergeorn([ ; 0y

+

be(P (m?+8m+15)* +32de (3 +m)2 (M2 +13m+42) +3 P (m* +22m> + 179 m® + 638 m +840) ) x (fx) "2 — 1

Cr24m) B+m) (44+m) (5+m) (6+m) (7T+m) x>
L bé(e(5+m)??+32d(m +13m+42))x ()22 -1 bx ()T (221
EL(4+m) (5+m) (6+m) (T+m)JE2 cf (64+m) (7T4+m)JP3

Result (type 8, 25 leaves):

J(fx)’" (ex +d)> (a +barcesc(cx) ) dx

Problem 48: Unable to integrate problem.
J(fx)’” (ex? +d) (a +barcese(cx)) dx
Optimal (type 5, 201 leaves, 5 steps):

d (fx)' ™ (a + barcesc(cx)) L e (fx)3 ™ (a 4 barcese(cx) )

(1 +m) £ (3 +m)




1 m

ble(1+m2+3d(2+m) (3 +m))x(fx)1+mhypergeom([%, > +7], [% +%],52x2)\/ FEAT e [TET
+

f(1+m224m) 3+m)JE2 VA2 -1 cf(m*+5m+6)JP22

_|_

Result (type 8, 23 leaves):
J(fx)’” (ex? +d) (a + barcesc(cx)) dx

Test results for the 17 problems in "5.6.2 Inverse cosecant functions.txt"

Problem 1: Unable to integrate problem.

Jarccsc(xsa) dx
X
Optimal (type 4, 78 leaves, 7 steps):
2 2
5 arccsc(xja)ln[l - (L + /11— 101 5 ] Ipolylog[Z, [L + /11— 101 > J ]
Iarccsc(xﬁa) _ Xra xa I X a X a
10 5 10
Result (type 8, 12 leaves):
Jarccsc(xsa) dx
X

Problem 4: Result more than twice size of optimal antiderivative.

‘fxarccsc( 4 ] dx
x

. ( x . ( x
a* arcsm( —) xzarcsm( —) ax | 1— 5
a a

- + +
4 2 4

xzarccsc(%) / %2 -1 N [

> -

Optimal (type 3, 39 leaves, 4 steps):

Result (type 3, 92 leaves):




Problem 7: Result more than twice size of optimal antiderivative.

Jx4 arcesc(bx +a) dx
Optimal (type 3, 173 leaves, 9 steps):

(40a44—40a24—3)mcmnh(v/1 —-———l———g ] a(53a24—20)(bx—ka)v/1 — ———J———E
asarccsc(bx+a) +x5arccsc(bx+a) 4 (bx+a) (bx+a)
50 5 40 b 30 5°
llaxz(bx—i-at)/l—;2 x?’(bx—l-at)/l—;2 (585124-9)(bx-i—a)z/l—;2
_ (bx+a) n (bx+a) n (bx+a)
60 b* 20 b* 120 5
Result (type 3, 506 leaves):
(bx+a)2—1 asarctan( L J
be+ay—ﬂ)f " wx+aﬂ—l " (bx+aﬂ—1aﬁdbx+a+—(bx+aﬂ—l)
2 _ 2 _ 2 _
20b2/(bx+—a)21 (bx+a) 5b5/(bx+—a)21 (bx+a) b5/(bx+—a)21 (bx+a)
(bx+a) (bx+a) (bx+a)
i 3((bx+a)2—l)x " (bx+a)2—1 azln(bx—i-a-i- (bx+a)2—1) +x5arccsc(bx+a)
T - S
401#/% (bx+a) ﬁ/M (bx+a)
(bx+a)? (bx+a)?
77ubx+aﬂ—4)f . 71be+aﬁ—4)a +3 (bx+aﬂ—11&bx+a+ (bx+@2—1)
2 _ 2 _ 2 _
60Ev/iﬁﬁiﬂl—zi-(bx+a) 120Ev/iﬁﬁiﬁl—zi-(bx+a) 40Ev/iﬁﬁiﬂl—zi-(bx+a)
(bx+a) (bx+a) (bx+a)
11 ((bx+a)>—1)2a N 29 ((bx+a)?>—1)xd®
2 _ 2 _
6Ob3/% (bx+a) 60b4\/% (bx +a)
x+a x+a
Problem 8: Result more than twice size of optimal antiderivative.
Jﬁarocsc(bx+a) dx
Optimal (type 3, 135 leaves, 8 steps):
B 4 a(2a2+1)arctanh{/l—;2] (17¢12+2)(bx+a)/1—;2
_a’arcesc(bx +a) T arcesc(bx +a) (bx+a) (bx+a)

+
4 p* 4 2p* 1204



2(bx+a) [1— —1 bx+ 2/1_;
(b a)/ (bx+a)? @(bxta) (bx+a)?
_|_ —_

12 b* 3p*

Result (type 3, 359 leaves):

wx+m2—1fmmm[ ! ]
x4arccsc(bx+a) n ((bx+a)2—1)x2 _ (bx+a)2—l _ ((bx+a)2—1)xa
4 2 p) 2
nbi/iﬂ&iﬂ—:i (bx +a) 4bi/i££iﬂ—:l (bx +a) 3bi/iﬁii@—1i (bx+a)
(bx+a)? (bx+a)? (bx+a)?
_\be+M2—laﬁdbx+a+-(bx+aﬁ—l> I 13(wx+aﬂ—4)f _ (bx+aﬂ—4¢ﬂdbx+a+ (bx+M2—l>
2 2 2
bﬂ/i%%g§5§i (bx+a) ubﬂ/i%%fiiﬁi (bx+a) zbi/i%%fiiéi (bx+a)
N (bx+a)*—1
2 _
6bﬂ/i%%§?57l (bx+a)

Problem 9: Result more than twice size of optimal antiderivative.

sz arcesc(bx +a) dx
Optimal (type 3, 100 leaves, 7 steps):

(6a2+1)arctanh[/l—;2J Sa(bx—i-at)/l—;2
a3arccsc(bx+a) +x3arccsc(bx+a) 4 (bx+a) _ (bx+a)

3p° 3 6b° 6b°
x(bx—i—a)/l—;
N (bx+a)?
6 b*
Result (type 3, 271 leaves):
(bx+a)2—1 a3arctan[ ! ]
x> arcesc(bx +a) . (bx+a)*—1 " ((bx+a)>—1)x
3 7 _ 2 _
3b1/1%%iﬂj7i (bx+a) 6b</i%%iini (bx+a)
x+a x+a
_i_\/(bx—i—a)z—lazln(bx—l-a-l- (bx+a)2—1> B 5((bx+a)2—l)a n (bx+a)2—11n(bx+a+ (bx+a)2—1>
2 2 2
b3 (bx+a)”—1 (bx+a) 6b (bxta)"—1 (bx+a) 6b (bxta)"—1 (bx+a)
(bx+a)? (bx+a)? (bx+a)?



Problem 10: Result more than twice size of optimal antiderivative.
J arccsc(bx +a)

> dr

Optimal (type 3, 63 leaves, 6 steps):

a —tan( arccsc(lzax+a) j

2 b arctan

_barcesc(bx +a) arccsc(bx +a) J-d®+1

a4 * ay -a® +1

Result (type 3, 153 leaves):

2(\/a2—1 \/(bx+a)2—1 +a(bx+a) —1)

7 1
by (bx+a) larctan[ (bx+a)2_1 ] b (bx+a):—1 ln[

_arcesc(bx +a) I bx

x a p) 2
/(bx+a) —1 (bxta)a /(’”J“—“)_l (bx+a)ayd® —1

(bx+a)? (bx+a)?

Problem 13: Unable to integrate problem.
Jx’l Trarcese(a + bx*) dx

Optimal (type 3, 46 leaves, 6 steps):

arctanh[/l — ;2 )
(a +bx") arcesc(a + b ") (a +bx")
_|_

bn bn

Result (type 8, 16 leaves):
Jx‘l Trarcese(a + bx") dx

Problem 14: Unable to integrate problem.
J earccsc(a X) x2 dx

Optimal (type 5, 101 leaves, 6 steps):

2
4 121 (1 +31) arccscla x) 3 I 5 1 1 1
5 s h N B il O e e
(5 5 )e ypergeom 2 2 2 2 ax vy
a3
8, 241 30175 1 I )\
- = (1+3I)arccsc(ax)h 4. 2 — L S 1 x | —
( 5 5 )e ypergeom ' 5 S I3 > Pl 2 2.
4
a3

Result (type 8, 11 leaves):



Problem 15:

Optimal (type 3, 31 leaves, 3 steps):

Result (type 8, 11 leaves):

Problem 16:

Optimal (type 3, 70 leaves, 6 steps):

a2 earccsc(a Xx)

- +

a3 earccsc(a X)

Unable to integrate problem.

Unable to integrate problem.

cos(3arcesc(ax))

J earccsc(a X) x2 dx

J earccsc(a X)
—— dx
x2

arccsc(a x) 1
ace 1 -
) earccsc(a X) 3 x2 a2
2x 2
earccsc(a X) &
x2

4

arcesc(a x)
(&
— dx
X

3 @ e2eseaX) gin (3 arcesc(ax) )

a3 earccsc(a X)

1 —

1
24

8x 40

Result (type 8, 11 leaves):

Summary of Integration Test Results

65 integration problems

+
40

4

arccsc(a x)
(S
— dx
X




Hmo QW

28 optimal antiderivatives

17 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

20 unable to integrate problems

0 integration timeouts



